Energy-Shaping of Port-Controlled Hamiltonian Systems by Interconnection by Ortega, Romeo et al.
  
 University of Groningen
Energy-Shaping of Port-Controlled Hamiltonian Systems by Interconnection
Ortega, Romeo; Schaft, Arjan van der; Maschke, Bernhard; Escobar, Gerardo
Published in:
Proceedings of the 38th IEEE Conference on Decision and Control, 1999
IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.
Document Version
Publisher's PDF, also known as Version of record
Publication date:
1999
Link to publication in University of Groningen/UMCG research database
Citation for published version (APA):
Ortega, R., Schaft, A. V. D., Maschke, B., & Escobar, G. (1999). Energy-Shaping of Port-Controlled
Hamiltonian Systems by Interconnection. In Proceedings of the 38th IEEE Conference on Decision and
Control, 1999 University of Groningen, Johann Bernoulli Institute for Mathematics and Computer Science.
Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).
Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.
Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.
Download date: 12-11-2019
Proceedings of the 38" 
Conference on Decision & Control 
Phoenix, Arizona USA December 1999 
W e A l l  08:30 
Energy-Shaping of Port-Controlled Hamiltonian Systems by Interconnection 
§Romeo Ortega, SArjan van der Schaft ', Swernhard Maschke and §Gerard0 Escobar 
$Lab. des Signaux et Systbmes, Suptlec, Plateau de Moulon, 
9 1 192 Gif sur Yvette, FRANCE, rortegaQ1s.s. supelec . fr 
Fac. of Mathematical Sciences, University of Twente, P.O. Box 217, 
7500 AE Enschede, THE NETHERLANDS, [maschke] [ A .  J .vanderSchaftl Omath.utwente .nl 
1 CNAM, Automatisme Industriel, 21, rue Pinel, 75013, Paris, FRANCE, 
Abstract 
Passivity-based control (PBC) has shown to be very 
powerful to design robust controllers for physical sys- 
tems described by Euler-Lagrange (EL) equations of 
motion. The application of PBC in regulation prob- 
lems of mechanical systems yields controllers that have 
a clear physical interpretation in terms of interconnec- 
tion of the system with its environment. In particu- 
lar, the total energy of the closed-loop is the differ- 
ence between the energy of the system and the energy 
supplied by the controller. Furthermore, since the EL 
structure is preserved in closed-loop, PBC is robust 
vis ci vis unmodeled dissipative effects. Unfortunately, 
these nice properties are sometimes lost when PBC is 
used in other applications, for instance, in electrical 
and electromechanical systems. In this paper we fur- 
ther contribute to develop a new PBC theory encom- 
passing a broader class of systems, and preserving the 
aforementioned energy-balancing stabilization mecha- 
nism and the structure invariance, continuing upon our 
work in [14], [9] and [17]. Towards this end we con- 
sider port-controlled Hamiltonian systems with dissi- 
pation (PCHD), which result from the network mod- 
eling of energy-conserving lumped-parameter physical 
systems with independent storage elements, and strictly 
contain the class of EL models. 
1 Introduction 
The term passivity-based control (PBC) was first intro- 
duced in [lo] to define a controller design methodol- 
ogy which achieves stabilization by rendering passive 
a suitably defined map. This idea has been very suc- 
cessful to control physical systems described by Euler- 
Lagrange (EL) equations of motion, which as detailed 
in [ 111, includes mechanical, electrical and electrome- 
chanical applications. PBC has its roots in the ground- 
breaking work of Takegaki and Arimoto [ 161 on state- 
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feedback regulation of fully actuated robot manipula- 
tors. For such (so-called simple) mechanical systems 
the controller design proceeds along two basic stages. 
First, an energy shaping stage where we modify the po- 
tential energy of the system in such a way that the new 
potential energy function has a strict local minimum in 
the desired equilibrium. Second, a damping injection 
stage where we now modify the dissipation function to 
ensure asymptotic stability. 
PBC has been extended, within the class of simple me- 
chanical systems, to consider regulation with output 
feedback [12], [15], underactuation [l]  and the pres- 
ence of input constraints [SI. PBC ideas were also ap- 
plied to electrical and electromechanical systems de- 
scribed by EL models, as well as to solve tracking prob- 
lems -for a complete set of references see [ 1 11. While 
in regulation problems for mechanical systems it suf- 
fices to shape the potential energy, to address the other 
applications (even in regulation tasks) we had to modify 
also the kinetic energy. Unfortunately, this modifica- 
tion could not be achieved preserving the Lagrangian 
structure. That is, in these cases, the closed-loop - 
although still defining a passive operator- is no longer 
an EL system, and the storage function of the passive 
map does not have the interpretation of total energy. 
Consequently these designs will not, in general, enjoy 
the nice features mentioned above (see Section 10.3.1 
of [l 11 for a discussion). Another shortcoming of this 
EL approach is that the "desired" storage function for 
the closed-loop map is defined in terms of some error 
quantities whose physical interpretation is far from ob- 
vious. 
For an interesting alternative approach to the control of 
Euler-Lagrange systems which addresses some of these 
problems we refer to [4]; see also [2] .  
In our paper [14] we have developed a new system- 
atic technique to achieve energy-shaping and damp- 
ing injection in PBC for set-point regulation of sys- 
tems described as port-controlled Hamiltonian systems 
with dissipation (PCHD). An important advantage of 
this method is that the basic step of PBC of choosing 
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the “desired” storage function -being now a true energy 
function- becomes more natural. We also have that, if 
the damping satisfies some structural conditions (or if it 
is zero), the total energy is the “energy-balancing func- 
tion”. In the present paper we take a somewhat comple- 
mentary point of view by stressing the energy-shaping 
as resulting from the interconnection of the PCHD sys- 
tem (the “plant”) with a controller system that is also 
a PCHD system; continuing upon our work in [9]. A 
more detailed exposition will appear in [ 171. 
PCHD models encompass a very large class of phys- 
ical nonlinear systems, strictly containing the class of 
EL models. They result from the network modeling 
of energy-conserving lumped-parameter physical sys- 
tems with independent storage elements, and have been 
advocated in a series of recent papers [8], [7], [18] as 
an alternative to more classical EL (or standard Hamil- 
tonian) models. Besides capturing the energy balance 
features of physical systems, as in EL models, there are 
two key advantages of working with PCH models for 
PBC: firstly, they allow for a clear identification of the 
structural properties of the system through the damping 
and the interconnection matrices, in particular, there is a 
clear-cut distinction between the internal interconnec- 
tion structure and the interconnection with the environ- 
ment -in our case, the control action. Secondly, that the 
structural obstacles for energy shaping and damping in- 
jection are better revealed. In this way, the geometric 
structure of the state-space of Hamiltonian systems can 
be profitably used for PBC. For instance, the rank de- 
ficiency of the internal interconnection matrix reveals 
the existence of invariants of motion of the system dy- 
namics, also called Casimir functions. The generation 
of these Casimir functions through the interconnection 
with a controller system is the key idea in the develop- 
ments presented in this paper. 
2 Port controlled Hamiltonian systems with 
dissipation 
Network modeling of energy-conserving lumped- 
parameter physical systems [8] with independent stor- 
age elements leads to models of the form -called port 
controlled Hamiltonian (PCH) systems [7], [ 181- 
1 = J ( x ) % ( x ) + g ( x ) u  
Y = gT(x)%(4 
c :  { (2.1) 
where x E X are the energy variables, X is the 
n-dimensional state space manifold (often Rn), the 
smooth function H : X ---f R represents the total stored 
energy, which we assume is bounded from below, and 
u,y E Rm are the port power variables. (All vectors 
defined in the paper are column vectors, even the gradi- 
ent of a scalar function.) U and y are conjugated vari- 
ables, for instance currents and voltages in electrical 
circuits or forces and velocities in mechanical systems. 
The interconnection structure is captured in the n x n 
matrix J ( x )  and the n x m matrix g(x),  both depend- 
ing smoothly on the state x. Because of the assump- 
tion of energy-conservation, the matrix J ( x )  is skew- 
symmetric, that is, 
(2.2) J ( x )  = - J T ( x ) ,  v x  E x 
The geometric structure of Hamiltonian systems has 
been thoroughly studied in the literature, we refer the 
interested reader to [3], [6]. The matrix J(x )  defines a 
generalized Poisson bracket on the state manifold (gen- 
eralized because it need not satisfy the Jacobi-identity 
[ 181). Energy-dissipation is included by terminating 
some of the ports by resistive elements, see e.g. [18]. 
Indeed, consider instead of g(x)u  in (2.1) a term 
and extend correspondingly y = gT ( x )  9 ( x )  to 
Here UR, Y R  denote the power variables at the ports 
which are terminated by (linear) resistive elements 
UR = -SYR 
for some positive semi-definite symmetric matrix S.  
Substitution in (2.1) leads to models of the form 
where R ( x )  := gR(x)Sg;(x) is a positive semi definite 
symmetric matrix, depending smoothly on x. One ob- 
tains the power balance 
dH 
-(.(t>> dt = U T ( t ) Y ( t )  - ~ ( x ( t ) ) R ( x ( t ) ) ~ ( x ( t ) )  
5 UT(t)Y(t) 
(2.4) 
showing passivity of the system, if H is bounded from 
below. We call (2.3) a port-controlled Hamiltonian sys- 
tem with dissipation (PCHD). Note that in this case two 
geometric structures play a role: the internal intercon- 
nection structure given by J ( x )  and an additional resis- 
tive structure given by R ( x ) ,  which is determined by the 
port structure gR(x)  and the linear constitutive relations 
U R  = -SYR of the resistive elements. Many dynami- 
cal properties of (2.3) may be inferred from these two 
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geometric structures, in particular the existence of dy- 
namical invariants independent of the Hamiltonian H ,  
called Casimir functions. For Casimir fuctions we con- 
sider the set of p.d.e.'s 
a T c  
ax -(x) = [J(x) - R(x)]  = 0, x E X (2.5) 
implying that the time-derivative of C along solutions of 
the port-controlled Hamiltonian system with dissipation 
(2.3) is zero (irrespective of the Hamiltonian H )  for U = 
0. Furthermore, this holds for arbitrary input functions 
U(.) if additionally -(x)g(x) = 0. 
A stronger notion of Casimir functions is obtained by 
considering functions C : X --f R which are "Casimir 
functions" for both geometric structures defined by J ( x )  
and R ( x )  respectively, that is 
aTc 
ax 
?(x)J(x)  = 0 
3 ( x )R(x )  = 0 
3 Energy-shaping by interconnection 
Consider a port controlled Hamiltonian system with 
dissipation (2.3) regarded as a plant system to be con- 
trolled. It is a classical result (see e.g. [17]) that the 
standard feedback interconnection of two passive sys- 
tems again yields a passive system; a result wich can be 
used for various stability and control purposes. In the 
same vein we can consider the interconnection of the 
plant (2.3) with another PCHD system 
(3.1) 
regarded as the controller, via the standard feedback in- 
terconnection U = -yc + e,  UC = y + ec, with e,  eC ex- 
ternal signals inserted in the feedback loop. The closed- 
loop system takes the form 
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which again is a port-controlled Hamiltonian system 
with dissipation, with state space given by the prod- 
uct space X x Xc and total Hamiltonian H ( x )  + H c ( Q  
. Although Hc can be freely assigned, the plant Hamil- 
tonian H is given, and so it is at first instance not clear 
how we can effectively shape the total energy. The main 
idea in order to do so is to investigate the Casimir func- 
tions of the closed-loop system, especially those relat- 
ing the state variables 5 of the controller system to the 
state variables x of the plant system. Indeed, by the 
Energy-Casimir method, see e.g. [6], we may always 
add any function P ( C ~ ( X , ~ > , C ~ ( X , ~ ) , .  .. ,Ck(x,c)) de- 
pending on theCasimirsCl(x,S),Cz(x,5), ... ,Ck(x,€,)) 
to the total energy H ( x )  + H c ( 5 )  in order to shape the 
total energy for our purposes. In particular, we consider 
Casimir functions of the form 
ci-Gi(x) , i =  1 ,  ... ,d imXc=nc (3.3) 
That means that we are looking for solutions of the 
p.d.e.'s (with ei denoting the i-th basis vector) 
or written out 
with 9 denoting as before the gradient vector 
(2,. .  ,2) ,and g;, J,$, RL denoting the i-th row of 
gc, Jc, respectively Rc. 
Suppose we want to solve (3.4) for i = 1 , .. . , n , with 
n 5 nc (possibly after permutations of 61,. . . ,cnc). 
Defining G := (GI ,... ,G, t )T,  we write (3.4) for i = 
1,.  . . , n,  more compactly as 
with gc denoting the submatrix of gc composed of the 
first ii rows, and&,& the submatrix of Jc, respectively 
R c  composed of its first ii rows. 
Then post-multiplication of the first equation of (3.5) 
by (x), and using the second equation, yields 
with JC(!) ,&(~)  the fi x A left-upper submatrices of Jc, 
respectively Rc.  Collecting on both sides of (3.6) the 
skew-symmetric and the symmetric parts we conclude 
that (3.6) is equivalent to 
'Recall that if 51 + R I  = 52 + R 2 ,  & with Ji skew-symmetric and 
Ri symmetric, i = 1,2, then JI = 52, RI = R2. 
aT G aG In this case the reduced dynamics on any multi-level set 
- - ( x ) R  (4 (4 = Rc(Q (3.8) ax 
LC = { ( x ,  6 )  1 5 j  1 Gi ( x )  + cj, i = 1 , . . . nc} (3.13) 
can be immediately recognized. Indeed, the X- 
coordinates also serve as coordinates for Lc. The x- 
However, since by assumption R(x) 2 0, Rc(6) 2 0 
(and thus any principal submatrix of Rc is also positive 
semi-definite) (3.8) is equivalent to 
dynamics of (3.2) (with e = 0,ec = 0)  is given as 
aH (3.9) 
Furthermore, since R ( x )  2 0 the first line of (3.9) is 
p ( x ) R  (4 g (4 = 0 
Re({) = 0 
1 = [ J ( x )  - R ( 4 l  ax (4 - g ( x ) d ( 6 )  - (5)  (3.14) 86 
Using the second and the third equality of (3.12) this 
can be rewritten as 
equivalent to 
. dG 
R ( x ) - ( x )  = 0 (3.10) ax 
Summarizing we have obtained: 
substituting now 6 = G(x)  + c,  and using the chain-rule 
Proposition 1 The functions ti - Gi(x), i = property for differentiation 
1 , .. . , E  5 n, satisfy (3.4) (and thus are Casimirs 
of the closed-loop generalized Hamiltonian systems aHc(G(x)+c) aG JHc 
satisfies 
(3.16) = +)-(G(x) +c> (3.2) for e = 0, e, = 0) ifand only if G = (GI  , . . . , G*)= ax 36 
we conclude that the dynamics on L.c is given as 
1 - U  (3.11) 
(3.17) aHs 1 = [.I(.) - R ( x ) ]  - ( x )  ax 
with 
Proof Only the last equality remains to be shown. This 
however directly follows from the first line of (3.5) and 
(3.10) 0 
In particular, it follows that the functions 
s i  - Gi(x),i = 1 , .  . .5 are Casimirs of (3.2) for 
e = 0,ec = 0, if and only if they are Casimirs for 
both the internal interconnection structure J,r(x, 6 )  
as well as for the dissipation structure R,I(x,$). 
Hence the closed-loop port controlled Hamiltonian 
system with dissipation (3.2) for e = 0,ec = 0 re- 
duces to a PCHD system on any multi-level set 
{ (x ,  6 )  1ci = Gi(x) + C i ,  i = 1 , . . . , A} , by restricting 
both J,l and R,I to it. 
Let us now consider the special case ii = nc, in which 
we wish to relate all the controller state variables 
51 ,.. . ,tnc to the plant state variables x via Casimir 
functions E, - Gl(x) ,  . . . ,Cnc - G,,(x). 
Denoting G = (GI  ,.. . , GflC)* this means that G should 
satisfy (see (3.11)) 
Thus we see that the interconnection of the plant 
system (2.3) to the controller system has resulted in 
another PCHD system with the same interconnection 
and dissipation structure as before, but with shaped 
Hamiltonian H, given by (3.18). We summarize this in: 
Proposition 2: Consider the feedback interconnected 
port-controlled Hamiltonian system with dissipation 
(3.2) for e = 0, ec = 0. Let G = ( G I , .  . Gnc) satisfy 
(3.12). Then the reduced dynamics on any multi-level 
set (3.13) is given as the port-controlled Hamiltonian 
system with dissipation (3.17), where the shaped 
Hamiltonian f& is given by (3.18). 
An interpretation of the shaped Hamiltonian Hv in 
Proposition 4.3.4 in terms of energy-balancing is the 
following. Since Rc(E,) = 0 by (3.12) the controller 
Hamiltonian HC satisfies 
aT G aG 
- ax ( M X )  ax (4 = Jc (6) 
JG 
aTG ax 
Hence along any multi-level set k given by (3.13), in- 
variant for the closed loop generalized Hamiltonian sys- 
tern with dissipation (3.2) for e = 0,ec = 0 (3.12) R ( x )  - ( x )  = 0 = 
- (4W = gc (5)  g r  (4 ax (3.20) 
dH, dH dHc dH -= -  +-=-- U T Y  dt dt dt dt 
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since U = -yc and uc = y .  Therefore 
&(x( t ) )  = H ( x ( t ) )  - I’ uT(T)y(T)dT + constant 
(3.21) 
and the shaped Hamiltonian H, is the original Hamil- 
tonian H minus the energy supplied to the plant 
system (2.3) by the controller system (3.1) (modulo a 
constant; depending on the initial states of the plant 
and controller). 
The reduction of the dynamics of the feedback in- 
terconnected generalized Hamiltonian system with 
dissipation (3.2) for ec = 0 but e # 0 is a bit more 
complex. The simplest case is as follows. 
Proposition 3 Consider the feedback interconnected 
port controlled Hamiltonian system with dissipation 
(3.2) for ec = 0. Let G = ( G I , .   . , Gnc) satisfy (3.12), 
and additionally assume that 
Jc(5) = 0, gc(0 is injective (3.22) 
Then the reduced dynamics on any multi-level set (3.13) 
is given as 
aHT i = [ J ( x )  - R(x)] - (x) + &)e ax (3.23) 
aHs 
Y = gT (4 ax (4 
with HS given by (3.18). 
Proof By combining the first and the third equalities 
of (3.12), together with the assumption J&) = 0, it 
follows that gc(E,)gT(x)-(x) = 0. By assumption of 






whileinview of (3.16)y=gT(x)%(x) = g T ( x ) 2 ( x ) .  
U 
Example 4 A mechanical system with damping and ac- 
tuated by external forces U is described as a PCHD sys- 
tem 
(3.24) 
For a PCH controller system with identity input 
matrix there exists a solution G = (Gl(q) ,  ... ,Gm(q)) 
to (3.12) if and only if the columns of the input 
force matrix B ( q )  satisfy the integrability conditions 
%(q)  = $(q ) ,  1 = 1, ... m. For 
a Hamiltonian H consisting of a kinetic energy and 
a potential energy this amounts to a shaping of the 
potential energy. 
i , j  = 1 ,... k, 
There are a couple of possible extensions to the 
above analysis of the feedback interconnection of a 
PCHD plant system to a PCHD controller system. 
Indeed, one may take the controller PCHD system C 
given by (3.1) to be modulated by the state variables x, 
which means that Jc ,  Rc and gc also allowed to depend 
on x , ,  in which case e.g. the conditions (3.12) take the 
form 
Especially, allowing gc to depend on 
flexibility in the design. 
Remark Allowing RC to depend on 
(3.25) 
x yields extra 
x may equiv- 
alently be formulated as modifying the standard 
feedback interconnection (see [ 141) U = -yc, uc = y to 
a state modulated feedback interconnection. 
We conclude that under certain conditions the feedback 
interconnection of a PCHD system (the ”plant”) with 
another PCHD system (the ”controller”) leads to a 
reduced dynamics given by another PCHD system 
(3.17)) (possibly with inputs e and outputsy, cf.(3.23)), 
for the shaped Hamiltonian Hs given by (3.18), with 
G(x) a solution of (3.12). From a state feedback point 
of view the dynamics (3.17) could have been directly 
obtained by a state feedback U = a(.) such that 
aHc 
ax g(x)a(X) = [J (x)  - R(x)] -(G(x) + C )  (3.26) 
Indeed , a(x) is given in explicit form as 
(3.27) 
A state feedback U = a(.) satisfying (3.26) is custom- 
arily called a passivity-based control law, since it is 
based on the passivity properties of the original plant 
system (2.3) and transforms (2.3) into another passive 
system with shaped storage functions (in this case Hs 
). Seen from this point of view we have thus shown 
that the passivity-based state feedback U = a(.) satis- 
fying (3.26) can be derived from the interconnection of 
the PCHD system (2.3) with a PCHD controller sys- 
tem (3.1). This fact has some favorable consequences. 
Indeed, it implies that the passivity-based control law 
defined by (3.26) can be equivalently generated as the 
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feedback interconnection of the passive system (2.3) 
with another passive system (3.1). Hence we can di- 
rectly invoke the classical passivity theorems to derive 
properties about the controlled system.In particular, the 
observation that the passivity-based control (3.26) can 
be derived in this way implies a natural robustness of 
the controlled system: the plant system (2.3), the con- 
troller system (3.1), as well as any other passive system 
interconnected to (2.3) in a power-continuous fashion, 
may change in any way as long as they remain passive, 
and for any perturbation of this kind the controlled sys- 
tem will still remain stable. 
The discussion about the actual implementation of the 
passivity-based control a(.) is somewhat complex. In 
cases of analog design of a controller the interconnec- 
tion of (2.3) with the PCHD controller system seems 
the logical option. Furthermore, it may be favorable to 
avoid an explicit state feedback, but instead to use the 
dynamics output feedback controller (3.1). On the other 
hand, in some applications (e.g., robotics) the measure- 
ment of the passive output y may pose some problems, 
while the resulting state feedback U = a(.) is easier to 
implement. 
The problem of directly constructing the passivity- 
based (state feedback) control U = a(.) such that Hs 
has desired properties has been addressed in [14]. 
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